Girraween High School

2017 Year 12 Trial Higher School Certificate

Mathematics Extension 2

Instructions

e Attempt all questions.

e For Questions 1-10, shade the circle for the letter corresponding to the correct answer on
your answer sheet.

e For Questions 11— 16, start each question on a new page. Each question should be clearly
labelled.

s All necessary working must be shown for Questions 11— 16.

e Marks may be deducted for careless or badly arranged work.

¢ Board approved calculators may be used.

¢ A Mathematics reference sheet is provided.




Question 1
Ifz=05-5i andw=2+ithen—s;=

(A)1+ 3 B)1-3i (Cy3+1i D)3 -—i
Question 2

If 04 = z on the diagram below then 0B =z cis 3—; could be

y
O 4

e

(A) (B) Y

© @ ®) y

Question 3 If @, 8 and y are the roots of the polynomial equation 3x* + 5x — 1 = 0 then
ad+p3+yi=

(A) 0 (B)~12 (GE- (D)1

Examination continues on the next page



Question 4
. ., 3 .
The sum of the eccentricities of two conics is > The two conics could not be

(A) An ellipse and a hyperbola (B) An ellipse and a parabola
{C) A circle and a hyperbola (D) A hyperbola and a parabola

Question 3

2 2
The foci of the hyperbola 2;:"5' — 2o =1 are

144
A *130) ®0+13) ©EZ0 ®0+E
Question 6
f ! Ldx =
xin(x)
(A) E‘.“.(.Z’L)z +C (B)=In(x) + C (©) ln'(jc) +C (D) In(In(x)) +C
Question 7
J.sin3x dx =
A) stz4x+c (B)E-ijf“' I (©) casx—io—g'—s—’f+c (D)E%’E—cosx+ c

Examination continues on the next page




Question 8
The volume obtained by rotating the area enclosed by y = x# + 1 and the line y = 5 about the x

axis can be found using the expression

A7 2 4-227 —x*)dx  (B)m [',(676 — 52x +x*).dx

(©2n Sy y—1.dy (D) 47 [3(5 — )4y — 1.dy

[+

y=%

-1 4

Question 9

A particle is launched vertically upwards from the surface of Earth. As it ascends it experiences
gravity downwards which is inversely proportional to the square of its distance from the centre of

. k . . . .
Earth (ie. F = % where k is a constant and x is the distance from the centre of Earth). Given that the

radius of Earth is R and the acceleration due to gravity at the Earth’s surface is g m/s?, the value of k
is:

(WL ®)2 Ok (D) gR?

Question 10

An astronaut in a centrifuge with a radius of 8m is experiencing a centripetal force of 3g Newtons
per kilogram of mass. Given that g = 9.8m/s2, the speed at which the centrifuge is rotating is

(A)1.91m/s  (B)3.68m/s (C) 15.34m/s (D) 235.2m/s

Examination continues on the next page




Question 11 (15 marks) Show all necessary working on a separate page

(@) Ifz=—3—iandw=1-1

(i) Find zw in Cartesian form.
(ii) Convert both z and w to modulus/argument form.
(iii)  Use your answers to (i) and (ii) to find the exact value of sin —1—15;

(b) Sketch the region in the complex plane where [z — 1] < 1and 0 € argz < ;:—

(c) (i) Prove that if a polynomial equation P(x) = 0 has a double root then
P'(x) = 0 will also have the same root.

(i) Solve 18x3 + 3x2 - 4x ~ 1 = 0 given that it has a double root.
Question 12 (15 marks) Show all necessary working on a separate page

{a) Find
(D [x8In(x).dx

iz 1
Gi)  for dx
3

22 2+cosx’
iy [ dx
®) () E -2x%-8x-2 | the A n B n C
1) Express (x+1)2(x+3) i the torm (x+1)2 ~ x+1 x+3
. —2%%—8x—2
(i1) Hence find

(x+1)2(x+3) *
(c) For the ellipse 25x% + 9y? = 225
(i) Find the eccentricity

(ii) Find the co-ordinates of the foci and equations of the directrices

(iii) Sketch the graph of 25x% + 9y? = 225 showing all of these features.

Examination continues on the next page
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Question 13 (15 marks) Show all necessary working on a separate page Marls
(a) If @, § and y are the roots of the polynomial equation 2
2x3 + 7x% + 10x — 7 = 0, form the polynomial equation with roots

o+ 2,8+ 2and y+2.

yz

2
(b) The point P(acos®, bsin®) is on the ellipse% +7>=1a>b Mand¥

are points on the tangent to the ellipse at P so that the perpendiculars to the tangent

at M and N intersect with the x axis at the foci § and S respectively (see diagram).

.

‘\ y

\ﬂ DIGRAM NOT TO SCALE

Question 13(b) continues on the following page




Question 13(b) (continued)

(i) Show that the equation of the tangent at P is bxcos® + aysin® = ab.

ab—abecost
Vbh2cos20+a25in26

(11) Show that the distance M§ =
(iii) Show that MS X NS' = b?,
(¢} P (cp, -;-) and Q (cq,%) are points on the rectangular hyperbola xy = ¢2.

T is the point of intersection of the tangents at P and Q (see diagram).

Plcp.cip)

DIAGRAM NOT TO SCALE

Marks

(i) Show that the equation of the tangent at P is x + p?y = 2cp and state the

equation of the tangent at Q.

2cpq  2¢ )

(ii) Show that T is the point ( ,
ptq ptq

(iii} Show that the chord PQ is x + pgy = ¢(p + q)

(iv) Find the locus of T if the chord PQ passes through the point R(4c, 2c)

Examination continues on the next page
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Question 14 (15 Marks)
(@) (i) Provethat f, f(a—x).dx = [ f(x).dx
(ii) Hence or otherwise find f: xsinx. dx

(b) A solid is formed by rotating the area between y = sinx, the x axis

and the lines x = 0 and x = 7 around the line x = m (see diagram).

Y

Marks

bt

-

e

Show that the volume of this solid using cylindrical shells is given by

V =2r fOR(TE — x)sinx. dx and find this volume (you may use your answer to Part (a)

Question 14 continues on the following page




Question 14 (continued)

Marks
{c) A rectangular skip bin with a perpendicular height of 2.5 metres has a square base

3 metres by 3 metres and a rectangular top 5 metres by 4 metres. A is the vertical distance

up from the base of the skip bin to rectangle ABCD (see diagram).

1D
| v 5m
AN %
.9‘

+

3m

8h?

] 18h
(i) Show that the area of rectangle ABCD = ETS + = +9

(ii) Find the volume of the skip bin.

3
(d)Let I, - [Fsin™x.dx

-(&)"
. -1
(i) Show that I, _ % + nT I,

kL
(if) Hence find the exact value of [ N sin® x. dx

Examination continues on the next page




Question 15 (15 marks) Show all necessary working on a separate page Marks
{(a} A cyclist and bicycle with a total mass of 80kg is riding around a velodrome

with a radius of 50m which is banked at an angle of 20° to the horizontal.

If riding at optimum speed (when she experiences no lateral friction) she is subject

to a normal force from the track and gravity (g = 9.8m per 52)

(i) By resolving forces in the horizontal and vertical directions, find the optimum

speed the cyclist can ride at (the speed where no lateral friction is experienced).

(i1) The cyclist decreases her speed to 11m/s (which as stated is BELOW

optimum speed). How much lateral friction does she now experience?

(iii) The maximum friction that the track can provide before the cyclist slips outward
is 0.2 X N, where N is the normal force provided by the track. What is the maximum

speed that the cyclist can attain before slipping outwards?

(b) A 10kg weight is attached by a taut rope to the top of a solid cone with
semi vertical angle 30°. The radius of the cone where the weight is rotating is 6m,
While rotating the weight is subject to tension from the rope, gravity (g = 9.8m per s2)

and a normal force while it is touching the cone (see diagran).

Question 15(b) continues on the following page




Question 15(b) {continued) Marks

Diagram for 15(b)

10g

(1) By resolving forces vertically and horizontally, find the tension 4
in the rope and the normal force if the particle is rotating at 4m/s.
(i1} The particle now speeds up until it loses contact with the surface 4
of the cone. At what speed does this happen?

Question 16 (15 marks) Show all necessary working on a separate page

(a) A skydiver jumps out of a stationary balloon and starts falling freely to Earth.

2
. . . . mv
She experiences gravity of mg downwards and air resistance of Seo upwards.

Given that down is positive, x = t = 0 at the balloon and that g = 9.8m per s?,

(i) Show that X = g — % and find her terminal velocity. 2

(if) Show that x = 180In (ﬁ%—) and find the distance fallen when 3

the skydiver reaches 50m/s.

(iii) Find the time taken for the skydiver to reach this speed. 3
(b) (i) Use DeMoivre’s theorem and the expansion of (cos® + isin©)* 2

to show that cos40 = 8cos*0 — 8cos?6 + 1.

Z2+V3
ol

.. . T
(ii) Hence or otherwise show that cos - =

Question 16(b) continues on the following page

Question 16(b) (continued) Marks




(iii)A4,B,C,D,E,F,G,H,I.],K,L,M,N,0,P,Q,R,S, T, U,V,WAND X
below represent all of the roots of w?4 = 1 on the complex plane.

(see diagram).

If OA = w is the root of w?* = 1 with the smallest positive argument, show that

— - I
w-1]=+2 |1 cos —

(iv) Find the exact value of the perimeter of polygon ABCDEFGHIJKLMNQPQRSTUVWX.

21

(v) Find limit nv2 |1 - cos—
n— oo

END OF EXAMINATION
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